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Conclusion et perspectives

Introduction

Objectif : mettre à profit la transformation en ondelettes
complexes pour estimer la régularité ponctuelle d’un signal

Applications potentielles en traffic routier, fracture, mesure de
surfaces . . .

Une méthode consiste à utiliser une représentation locale
temps-échelle

Transformation en ondelettes continue ⇒ Trop coûteux
Transformation en ondelettes discrète ⇒ Problème lié à la
localité

Une solution à ce problème : transformation en ondelettes
complexes
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Estimation de régularité locale variable
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Estimation de régularité locale avec les ondelettes réelles
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Régularité ponctuelle et singularité
La transformation en ondelettes continue
La transformation en ondelettes discrète

Régularité ponctuelle et singularité : définitions

Régularité locale : généralise la différentiabilité

Exposant de Hölder :

h(t0) = Sup{α/f ∈ Cα(t0)}

avec f ∈ Cα(t0) si |t−t0| ≤ δ, alors |f (t)−P(t−t0)| ≤ C |t−t0|α

Singularité cusp : X (t) = |t − t0|α ⇒ h(t0) = α
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Régularité ponctuelle et singularité
La transformation en ondelettes continue
La transformation en ondelettes discrète

La transformation en ondelettes continue I : définitions

Transformation de Fourier : inadaptée à l’étude de signaux
non stationnaires à cause de son caractère global

Transformation en ondelette : représentation dans un espace
temps-échelle à deux dimensions : cX (a, t) = 〈X , ψa,t〉
ψa,t(u) = 1√

a
ψ0(

u−t
a ) : translaté-dilaté d’une fonction mère

ψ0 localisée et oscillante ⇒ ondelette

Énergie du signal dans une échelle a autour du temps t
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La transformation en ondelettes continue II : utilisation
pour l’estimation de singularité

Décroissance des coefficients à travers les échelles :
|cX (a, t)| ∼ a(h(t)+ 1

2
), a → 0

Pente dans un diagramme log-échelle

Illustration avec un cusp

Abandon de la transformation continue
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Introduction
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La transformation en ondelettes continue
La transformation en ondelettes discrète
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Introduction de la transformation en ondelettes complexes
Estimation des paramètres de loi d’échelle
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Régularité ponctuelle et singularité
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Calcul des coefficient sur un ensemble restreint de points
(a = 2j , t = 2jk)

Algorithme pyramidale (Mallat) ⇒ rapide, peu coûteux
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La transformation en ondelettes continue
La transformation en ondelettes discrète
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singularités
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Introduction
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La transformation en ondelettes complexes
Estimation de régularité ponctuelle avec la transformation complexe
Démarche adoptée dans la suite

La transformation en ondelettes complexes

Première idée : transformation de Hilbert de l’ondelette

⇒ support non fini, pas de recontruction parfaite

Dual-Tree (Kingsbury) : condition Hilbert approchée par deux
filtres conjointement synthetisés
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Introduction de la transformation en ondelettes complexes
Estimation des paramètres de loi d’échelle
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Introduction
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Conclusion et perspectives

La transformation en ondelettes complexes
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Transformation en ondelettes ⇒ différents jeux de coefficients
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Estimation de régularité ponctuelle avec la transformation complexe
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partie réelle × × × × ×
partie imaginaire × × × × ×
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Démarche adoptée dans la suite

Leaders (Jaffard), Transformée continue dyadique

Qshift Daubechies
DWT Leaders DWT Leaders CDWT
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Estimation de régularité ponctuelle avec la transformation complexe
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Regression linéaire ⇒ ĥ(t) sur une réalisation
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Introduction de la transformation en ondelettes complexes
Estimation des paramètres de loi d’échelle
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acroissements stationnaires, gaussien ⇒ unique

0 0.5 1 1.5 2 2.5 3 3.5

x 10
4

−0.2

0

0.2

0.4

0.6

0.8

1

1.2
Mouvement Brownien Fractionnaire, H=0.7

0 0.5 1 1.5 2 2.5 3 3.5

x 10
4

−4

−3

−2

−1

0

1

2
Mouvement Brownien Fractionnaire, H=0.2
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Conclusion et perspectives

Le mouvement Brownien Fractionnaire (fBM)
Estimation de la régularité locale d’un fBM
Estimation de régularité locale variable
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Estimation de régularité locale variable
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Estimation de la régularité locale II : origine de la
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Estimation de régularité locale avec les ondelettes réelles
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0 0.5 1 1.5 2 2.5 3 3.5

x 10
4

0

0.2

0.4

0.6

0.8

1

CDWT, Daubechies, partie réelle
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Estimation de régularité locale avec les ondelettes réelles
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mBM à appronfondir : lissage sur une réalisation
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Estimation de régularité locale avec les ondelettes réelles
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when the Hilbert transform is built into the wavelet transform

as in the dual-tree implementation, the Hilbert transform scales

with the wavelet scale, as desired.

THE DUAL-TREE CWT

As shown in the previous section, the development of an invert-

ible analytic wavelet transform is not as straightforward as

might be initially expected. In particular, the FB structure illus-

trated in Figure 24 that is usually used to implement the real

DWT does not lend itself to analytic wavelet transforms with

desirable characteristics. 

DUAL-TREE FRAMEWORK

One effective approach for implementing an analytic wavelet

transform, first introduced by Kingsbury in 1998, is called

the dual-tree CWT [54], [55], [57]. Like the idea of

positive/negative post-filtering of real subband signals, the

idea behind the dual-tree approach is quite simple. The dual-

tree CWT employs two real DWTs; the

first DWT gives the real part of the

transform while the second DWT gives

the imaginary part. The analysis and

synthesis FBs used to implement the

dual-tree CWT and its inverse are

illustrated in Figures 7 and 8.

The two real wavelet transforms use

two different sets of filters, with each

satisfying the PR conditions. The two

sets of filters are jointly designed so

that the overall transform is approxi-

mately analytic. Let h0(n), h1(n) denote

the low-pass/high-pass filter pair for the

upper FB, and let g0(n), g1(n) denote

the low-pass/high-pass filter pair for the

lower FB. We will denote the two real

wavelets associated with each of the two

real wavelet transforms as ψh(t) and

ψg(t). I n  a d d i t i o n  t o  s a t i s f y i n g

t h e PR conditions, the filters are

designed so that the complex wavelet

ψ(t) := ψh(t) + j ψg(t) is approxi-

mately analytic. Equivalently, they are

designed so that ψg(t) is approximately

the Hilbert transform of ψh(t) [denoted

ψg(t) ≈ H{ψh(t)}].

Note that the filters are themselves

real; no complex arithmetic is required

for the implementation of the dual-tree

CWT. Also note that the dual-tree CWT

is not a critically sampled transform; it is

two times expansive in 1-D because the

total output data rate is exactly twice the

input data rate.

The inverse of the dual-tree CWT is as

simple as the forward transform. To invert

the transform, the real part and the imaginary part are each

inverted—the inverse of each of the two real DWTs are used—to

obtain two real signals. These two real signals are then averaged

to obtain the final output. Note that the original signal x(n) can

be recovered from either the real part or the imaginary part alone;

however, such inverse dual-tree CWTs do not capture all the

advantages an analytic wavelet transform offers.

If the two real DWTs are represented by the square matrices

Fh and Fg, then the dual-tree CWT can be represented by the

rectangular matrix

F =
[

Fh

Fg

]
.

If the vector x represents a real signal, then wh = Fh x repre-

sents the real part and wg = Fg x represents the imaginary

part of the dual-tree CWT. The complex coefficients are given

by wh + j wg. A (left) inverse of F is then given by

[FIG8] Synthesis FB for the dual-tree CWT.

[FIG7] Analysis FB for the dual-tree discrete CWT.
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Introduction
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Conclusion et perspectives

Transformation en ondelettes complexes I : conditions pour
la synthèse des filtres

Analyse multirésolution :
H0(z)H0(z

−1) + H0(−z)H0(−z−1) = 2

Théorème de Mallat-Meyer (ondelette) : H1(z) = z−1H0(z
−1)

Paire d’ondelettes en quadrature : G0(ω) = H0(ω)e
−jω

2 ou
g0(n) = h0(n − 0.5)

MAIS Réponse impulsionnelle infinie pour un filtre

⇒ G0(ω) ≈ H0(ω)e
−jω

2 ou g0(n) ≈ h0(n − 0.5)

Qshift : condition supplémentaire : g0(n) = h0(N − 1− n)
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